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Based on the improved isospin-dependent Boltzmann–Langevin model which incorporates the dynamical
ﬂuctuations, we study the π production in central heavy ion collisions at different incident energies from
250 to 1200A MeV. It is found that the π multiplicity is sensitive to the nuclear equation of state. At
π subthreshold energy, the ﬂuctuations have a larger effect on the π multiplicity. The π−/π+ ratios
as a probe of nuclear symmetry energy are calculated with different stiffness of symmetry energy. The
results favor a supersoft symmetry energy of the potential term in comparison with the FOPI data, which
supports the one obtained by the usual Boltzmann–Uehling–Uhlenbeck model.
© 2012 Elsevier B.V. Open access under CC BY license.During the last few years, the study of nuclear symmetry
energy Esym(ρ) has been a highly interesting subject. The con-
straining of Esym(ρ) is important for not only understanding of
heavy-ion reactions [1] but also many issues in astrophysics [1,2].
Unfortunately, the form of Esym(ρ) is very controversial, especially
at supra-saturation density. At sub-saturation density, constraints
on the Esym(ρ) were obtained by analyzing the isospin diffu-
sion data [3]. At supra-saturation density, the main difference
of the Esym(ρ) forms predicted by some microscopical or phe-
nomenological many-body approaches is the trend of the Esym(ρ)
with the density. One is the Esym(ρ) increases continuously with
the increasing density, and the other is the Esym(ρ) increases
up to the ρ0 and then decreases with the density at ρ > ρ0,
where ρ0 is the saturation density of nuclear matter. More-
over, through comparing with the FOPI data [4], the calculational
results of different transport models were opposite. For exam-
ple, a very soft nuclear symmetry energy was suggested by the
isospin-dependent Boltzmann–Uehling–Uhlenbeck model (IBUU04)
[5], and a hard one was predicted by the stochastic mean-ﬁeld
approach (SMF) [6] and the improved isospin-dependent quan-
tum molecular dynamics model (ImIQMD) [7]. Therefore, fur-
ther investigations of nuclear symmetry energy by improving the
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necessary.
The emission of pion has been proposed for many years to
investigate the nuclear equation of state (EoS) [8–10] and the
Esym(ρ) [1,5,7,11,12] under extreme conditions. A larger uncer-
tainty exists in constraining the nuclear EoS using the pion pro-
duction. The calculations reported in Refs. [8,10] indicated that the
pion production is sensitive to the nuclear EoS, but the one re-
ported in Ref. [9] indicated the opposite result. The pion emission
as a probe of the Esym(ρ) is motivated by the (1232) resonance
model [13] which predicts a primordial relation between π−/π+
ratio and N/Z , that is
π−/π+ = (5N2 + NZ)/(5Z2 + NZ) ≈ (N/Z)2, (1)
where the N and Z are the neutron and proton numbers in
the participant region of the reaction. The N/Z is determined
by the Esym(ρ) through the dynamical isospin fractionation [12].
Therefore, one can use the π−/π+ ratio to measure the isospin
asymmetry N/Z of the dense nuclear matter and then constrain
the Esym(ρ). A larger uncertainty also exists in constraining the
Esym(ρ) using the π−/π+ ratio. The IBUU04 model [5] predicted
a very soft symmetry energy corresponds to a larger π−/π+ ratio.
Inversely, a larger ratio for stiffer symmetry energy are suggested
by the ImIQMD model [7] and the relativistic Boltzmann–Uehling–
Uhlenbeck model (RBUU) which contains an isovector–vector ρ
ﬁeld and an isovector–scalar δ ﬁeld [14]. The phenomenon that
the π− (π+) multiplicity is slightly increasing (decreasing) with
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because of threshold effects [14,15].
As a kind of ensemble-averaged theory, the Boltzmann–
Uehling–Uhlenbeck (BUU) model cannot describe the ﬂuctuation
phenomena in the nuclear collisions, which are responsible for the
multifragmentation processes, correlations in light-particle emis-
sion and ﬂuctuations of one-body observables [16]. To describe the
ﬂuctuation phenomena in the nuclear collisions, according to the
ﬂuctuation–dissipation theorem, a Boltzmann–Langevin model (BL)
which incorporates ﬂuctuations, which are initially produced dur-
ing the early, most dissipative stage of the reaction, into the BUU
equation was proposed [16]. In the BL model the ﬂuctuations are
projected on the momentum space, which provide the initial seed
for density ﬂuctuations in coordinate space. A transient behavior of
the momentum distributions is found by the numerical simulations
of the BL model, which is consistent with the expectations from
the ﬂuctuation–dissipation theorem [17]. It is worth noting that
another method implementing ﬂuctuations in the mean-ﬁeld dy-
namics has been proposed in the framework of the SMF, in which
the ﬂuctuations are projected on the coordinate space [18]. Based
on the SMF, the properties of fragmentation have been discussed
by the Catania group [19].
The BL model has been successfully applied to describe the
nuclear collisions at low energies [17]. Moreover, this model is suc-
cessful in describing the multifragmentation [20] and the extended
BL model by incorporating the isospin effect which is called the
isospin-dependent Boltzmann–Langevin model (IBL) can reproduce
the fragmentation cross sections [21]. Furthermore, the calcula-
tions of K+ production cross sections at subthreshold energies in
the 12C + 12C collisions indicated that the yields obtained in the
BL model are very larger than those obtained in the BUU model
[22]. The calculations of Ref. [10] indicated that the momentum-
dependent nuclear interactions (MDI) have a larger effect on the π
production. Therefore, it is very interesting and imperative to im-
prove the IBL model [21] and to investigate meson production in
the heavy ion collisions, especially near the meson threshold en-
ergy. In this Letter, the inelastic channels which mainly produce
the π mesons and the MDI are incorporated in the IBL model [21]
(named the ImIBL model). We investigate the π emission in the
framework of the ImIBL model for the ﬁrst time.
For brevity, we outline simply the theoretical framework used
in the present work. The isospin-dependent Boltzmann–Langevin
equation can be written as [17,20](
∂
∂t
+ p
m
· ∇r − ∇rU ( fˆ ) · ∇p
)
fˆ (r,p, t)
= K ( fˆ ) + δK (r,p, t). (2)
The left-hand side describes the Vlasov propagation determined
by the ﬂuctuating nuclear mean-ﬁeld U ( fˆ ). K ( fˆ ) is the collision
term of the usual BUU form but expressed in terms of the ﬂuctu-
ating density. The ﬂuctuating collision term δK (r,p, t) that can be
explained as a stochastic force acting on fˆ is characterized by a
correlation function [20],
〈
δK (r1,p1, t1)δK (r2,p2, t2)
〉
= C(p1,p2)δ(r1 − r2)δ(t1 − t2), (3)
where the angle brackets stand for a local average, performed over
ﬂuctuating densities generated during a short time interval δt .
The reduced correlation function C(p1,p2) can be expressed in
the weak-coupling limit and determined by the one-body prop-
erties of the locally averaged distribution as indicated in Ref. [20].
The method of numerical simulations of Eq. (2) employed here is
the projection method [16,17,20] which projects the ﬂuctuationsFig. 1. (Color online.) Time evolution of the ensemble-averaged quadrupole mo-
ment Q 20, Q 20 ± σ20 and Q 20 ± 2σ20 of the momentum distribution in the ImIBL
model (a) and the associated variance σ20 (b) for central 40Ca + 40Ca collisions at
250A MeV.
on a set of low order local multipole moments of the momen-
tum distribution. Shown in Fig. 1 are the time evolution of the
ensemble-averaged total quadrupole moment Q 20, Q 20 ± σ20 and
Q 20 ±2σ20 of the momentum distribution and the associated vari-
ance σ20 from central 40Ca + 40Ca collisions at 250A MeV in the
ImIBL and BUU models, where σ20 =
√
〈Q 220〉 − 〈Q 20〉2 is the stan-
dard deviation function. For a gaussian distribution, Q 20 ±σ20 and
Q 20 ± 2σ20 correspond to 84.3 and 99.5 percent of the number of
events respectively [17]. It is seen that, for the existence of ﬂuctu-
ations, the range of variation of Q 20 value in the ImIBL model is
larger and the ImIBL simulations exhibit a different behavior com-
paring with the usual BUU transport theories.
The isospin- and momentum-dependent single nucleon poten-
tial used in the ImIBL model reads
Uτ (ρ, δ,p) = α ρ
ρ0
+ β
(
ρ
ρ0
)γ
+ Elocsym(ρ)δ2
+ ∂E
loc
sym(ρ)
∂ρ
ρδ2 + Elocsym(ρ)ρ
∂δ2
∂ρτ
+ UMDI, (4)
where δ = (ρn −ρp)/ρ is the isospin asymmetry, and ρ , ρn and ρp
are the total, neutron and proton densities, respectively. The val-
ues of bulk parameters α, β , and γ taken here are −390 MeV,
320 MeV and 1.14 for the soft EOS plus MDI as SM and −130 MeV,
59 MeV and 2.09 for the hard EOS plus MDI as HM [23]. The
compressibilities K are 200 and 380 MeV for the SM and HM,
respectively. The Elocsym is the local part of the symmetry energy,
which mimics the predictions by microscopical or phenomeno-
logical many-body theories. In this Letter, we take two forms as
follows
Elocsym(ρ) =
1
2
Csym
(
ρ
ρ0
)γs
, (5)
and
Elocsym(ρ) = a
(
ρ
ρ0
)
+ b
(
ρ
ρ0
)2
+ c
(
ρ
ρ0
)5/3
, (6)
where γs = 0.5, 1.0, and 2.0 correspond to the soft, linear and hard
symmetry energy respectively. The coeﬃcient values of Csym , a, b
and c are 29.4, 38.9, −18.4 and −3.8 MeV, respectively. Eq. (6) is
directly deduced from Skyrme energy-density functional and gives
1512 W.-J. Xie et al. / Physics Letters B 718 (2013) 1510–1514Fig. 2. (Color online.) Excitation functions of the π multiplicity in central 197Au +
197Au collisions for different equation of states (a), different transport theories (b),
and different stiffness of the symmetry energy with the ImIBL model (c). The data
are taken from the FOPI Collaboration [4].
a supersoft symmetry energy. The parameters in Eq. (6) are re-
lated to the Skyrme parameters t0, t1, t2, t3 and x0, x1, x2, x3 [7].
The momentum-dependent potential is taken as the same form in
Ref. [10] and written as
UMDI = t4 ln2
[
t5p
2 + 1] ρ
ρ0
, (7)
where t4 = 1.57 MeV, t5 = 0.0005 MeV−2 and the relative momen-
tum p = pi − p j is given in units of MeV/c.
The inelastic channels and the cross sections of each channel
used in our model are taken from Ref. [24]. The pion is created
through the decays of (1232) and N∗(1440). We take the free-
space and in-medium cross sections for the elastic and inelastic
channels, respectively. The in-medium effects are the medium cor-
rection of ρ mass [25], which reads
σmediumNN =
(
1
1+ 0.3747ρ/ρ0
)2
σ
free
NN . (8)
The decay widths of (1232) and N∗(1440) are calculated accord-
ing to the Eq. (2) of Ref. [26]. The branch ratio of the π− , π+
and π0 is determined by the Clebsch–Gordan coeﬃcients with the
decay of the (1232) and N∗(1440) [24]. The force which the π
suffer in the whole stage is just the Coulomb force.
Shown in Fig. 2 are the excitation functions of the total π mul-
tiplicity for the 197Au + 197Au collisions with the reduced impact
parameter b0 = b/bmax  0.15. In Fig. 2a we show a comparison
of the π multiplicities measured by the FOPI Collaboration [4] and
calculated by using the ImIBL model with different nuclear equa-
tion of states. It is seen that our calculated results are in good
agreement with the FOPI data at higher incident energies, but
slightly underestimate the values at lower incident energies. The
π yield is related to the nuclear EoS, which is consistent with the
results of Refs. [8,10] and inconsistent with the one of Ref. [9]. The
results with the SM are close to the experimental data. Therefore,
we take the SM in the following calculations.Shown in Fig. 2b are the comparison of π multiplicities cal-
culated with different transport theories. One can see that the
total π yield is sensitive to the ﬂuctuation term (the last term of
Eq. (2)) at lower incident energies, in particular, at π subthresh-
old energy, such as 250A MeV in the present work. Our calculated
results without the ﬂuctuations (shown as triangles) are almost
same as the one of the IBUU04 model [5] whereas the results with
the ﬂuctuations are very larger than those obtained in the BUU
model at lower energies. For energies smaller than the π thresh-
old, when the ﬂuctuations are large, for example, during the time
window where the variance of the quadrupole moment is under-
going a maximum as indicated in Fig. 1a, a part of the ImIBL
events may have a suﬃcient energy to produce π . For energies
near π threshold, such as 400A MeV, if the quadrupole moment
is going through a minimum some of the events may not pro-
duce π , though those events can produce π before incorporating
the ﬂuctuations. For energies much bigger than π threshold, such
as 600, 800, 1000 and 1200A MeV, even if the quadrupole mo-
ment is undergoing a maximum or minimum the events will not
change after incorporating the ﬂuctuations for the π production.
Because the ﬂuctuations are too small to change the producing
mechanism of π at higher energies. As the results reported in
Refs. [5,7], our calculated results, shown in Fig. 2c, indicate that
the π multiplicity is independent on the stiffness of the symmetry
energy.
Fig. 3 shows the calculated π−/π+ ratios at 400A MeV as a
function of the neutron/proton ratio of the systems in the reac-
tions 40Ca + 40Ca, 96Ru + 96Ru, 96Zr + 96Zr and 197Au + 197Au.
For comparisons, the FOPI data [4] and the results predicted by
the  resonance model [13], which are given by Eq. (1), are in-
cluded in Fig. 3. As measured by the FOPI Collaboration and pre-
dicted by variant transport theories, our calculations with the SM
indicate that an increasing trend of π−/π+ ratios with the in-
creasing asymmetry of reaction system at 400A MeV. This phe-
nomenon can be explained by the fact that the symmetry energy,
as a part of mean ﬁeld, is at work at lower incident energies as
one expects.
It is known that π mesons are mainly produced in the high
density region [12] and a soft behavior of the symmetry energy
leads to a low neutron content of the pre-equilibrium emission
[27]. Therefore, the high density region is more neutron-rich when
a softer symmetry energy is taken in the calculations. The ra-
tios of π−/π+ are larger than the N/Z values of the concerned
systems, especially for the larger asymmetric systems. Our calcu-
lations, shown in the left panel of Fig. 3, indicate that a supersoft
symmetry energy results in a larger value of π−/π+ and the re-
sults with a supersoft symmetry energy are close to the experi-
mental data of the FOPI Collaboration, which do not support the
results reported in Ref. [7].
The excitation functions of the π−/π+ ratio calculated with
the ImIBL model and measured by the FOPI Collaboration for most
central 197Au + 197Au collisions are shown in Fig. 4. The cal-
culations show that the π−/π+ ratios decrease with increasing
incident energies as reported in Refs. [4,5,7,14]. Moreover, from
the left panel of Fig. 4, it is found that the ImIBL calculations
with a supersoft symmetry energy describe rather well the FOPI
data. Most interestingly, a larger π−/π+ value is obtained at in-
cident energy smaller than π threshold and the calculated re-
sults, shown in the right panel of Fig. 4, of the usual BUU model
are slightly different to those with the ImIBL model. That the
ﬂuctuations and the symmetry energy act together would be re-
sponsible for this phenomenon. In the early stage of the colli-
sions, there will have abundant neutron–neutron scatterings when
the two neutron skins start overlapping [12] and at the same
time, the ﬂuctuations are also strong. Therefore, for the incident
W.-J. Xie et al. / Physics Letters B 718 (2013) 1510–1514 1513Fig. 3. (Color online.) The π−/π+ ratio as a function of the neutron/proton ratio of reaction systems for central 40Ca + 40Ca, 96Ru + 96Ru, 96Zr + 96Zr and 197Au + 197Au
collisions at 400A MeV. The results are calculated by different stiffness of the symmetry energy using the ImIBL model with the SM (left panel) and different transport
theories (right panel).
Fig. 4. (Color online.) Excitation functions of the π−/π+ ratio in central 197Au + 197Au collisions for different stiffness of the symmetry energy using the ImIBL model with
the SM (left panel) and different transport theories (right panel).energies near the π threshold, the π− is more easy to pro-
duce than the π+ in the early stage of the collisions. For the
higher incident energies, the π−/π+ values are only affected by
the symmetry energy because the effects of the ﬂuctuations are
negligible.
We would like to point out that the threshold effects are not
included in the present work. According to the Ref. [14,15], the
threshold effects increase the π− yield through enhancing the pro-
duction of the − resonances. The in-medium threshold values of
producing π± and π0 production are different because of the dif-
ferent effective Dirac masses of the four isospin states of the 
resonance. In the framework of the RBUU model, the symmetry
energy is related to the ρ- and δ-meson couplings. Because of the
inconsistent treatment of the mean-ﬁeld potentials in the RBUU
and ImIBL approaches, the predicted dependence of π−/π+ ra-
tio on the symmetry energy is opposite. From the left panel of
Fig. 4 we can see that the π−/π+ yield at lower incident energies
is more sensitive to the symmetry energy and can provide more
information of the symmetry energy, especially at beam energies
smaller than the π threshold. Further experimental works are very
necessary to constrain the symmetry energy and test our ﬁndings
here.
In summary, the π production in central heavy ion collisions
at the incident energies from 250 to 1200A MeV is studied in
the framework of the ImIBL model. It is found that the calculated
results of π multiplicity with the SM are close to the experimen-
tal data. The π multiplicity is very sensitive to the ﬂuctuations
at energies smaller than the π threshold. The dependence of the
π−/π+ ratio on N/Z of reaction systems at 400A MeV and the
excitation functions of π−/π+ ratios for central 197Au + 197Au
collisions are compared with the SM, but different stiffness of sym-
metry energy and different transport theories. Our results support
the view of the BUU model that the calculations with the supersoft
symmetry energy approach the FOPI data.Acknowledgements
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